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COHOMOLOGY OF THE TOROIDAL COMPACTIFICATION
OF A3
KLAUS HULEK AND ORSOLA TOMMASI
Abstract. We prove that the cohomology groups with rational coefficients of
the Voronoi compactification AVor
3
of the moduli space of abelian threefolds
coincide with the Chow groups of that space, as determined by Van der Geer.
1. Introduction
The moduli space Ag of principally polarized abelian varieties has several com-
pactifications, notably the Satake compactification ASatg and various toroidal com-
pactifications. Among the toroidal compactifications the so called Voronoi com-
pactification AVorg is distinguished by the fact that it represents a geometrically
meaningful functor, as was shown by Alexeev [A] and Olsson [O]. Toroidal com-
pactifications are defined by suitable fans in the cone of semi-positive symmetric
real (g× g) matrices and in the case of AVorg the fan is given by the second Voronoi
decomposition. For a definition of the second Voronoi fan we refer the reader to
[V] or for a more modern reference to [AN]. A general discussion of toroidal com-
pactifications of Ag can be found in the survey article [HS].
In genus 3 all known toroidal compactifications of the moduli space A3 of prin-
cipally polarized abelian varieties coincide with the Voronoi compactification AVor3 .
We recall the explicit description of the second Voronoi decomposition in the case
g = 3 in Section 5. A detailed description of the geometry of the space AVor3 can
be found in [Ts], and the Chow ring of this space has been computed by Van der
Geer [vdG].
In this note we compute the cohomology groups with rational coefficients and
prove that they coincide with the Chow groups of this space.
Theorem 1. The Betti numbers of AVor3 are b0 = b12 = 1, b2 = b10 = 2, b4 = b8 = 4
and b6 = 6.
Our approach is similar to that of [vdG], and is based on a study of the stratifi-
cation of AVor3 defined by the torus rank, which we introduce in Section 2.1.
We shall give the proof of the main result in Section 2.4 modulo the computation
of the cohomology of the various strata, which will be done in the subsequent
sections.
As a corollary we obtain
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Corollary 2. The cycle map defines an isomorphism
CH•(AVor3 )⊗Q ∼= H
•(AVor3 ;Q)
between the Chow ring and the cohomology ring of AVor3 with rational coefficients.
Proof. The Betti numbers coincide with the rank of the Chow groups as determined
by Van der Geer ([vdG]). Since the intersection pairing is non-degenerate, the cycle
map gives an isomorphism. 
Although this result is not particularly surprising, we could not find a reference
to it in the literature, so we decided to fill the gap with this note.
We would like to remark that there are other possible approaches that yield the
same result. For instance, one can consider the Torelli map M3 → AVor3 from
the moduli space of Deligne–Mumford stable curves of genus 3 to the toroidal
compactification of A3. The moduli space M3 has a stratification by topological
type. Since the Torelli map for genus 3 is surjective, we can stratify AVor3 by taking
the images of the strata of M3. It is easy to show that all strata of AVor3 obtained
in this way are isomorphic to finite quotients of products of moduli spaces Mg,n
with g ≤ 3 and 0 ≤ n ≤ 2(g − 3). Then one can use the known results about the
cohomology of these spaces Mg,n to calculate the cohomology of AVor3 .
In this note, we will work with the stack AVor3 rather than the associated coarse
moduli space. We recall that AVor3 is a smooth Deligne–Mumford stack. Hence the
rational cohomology of the stack and the associated coarse moduli space coincide.
Finally we remark that the same techniques also apply to the (easier) case of
genus 2.
Remark 3. There is an isomorphism
CH•(AVor2 )⊗Q ∼= H
•(AVor2 ;Q).
Notation.
Ag moduli stack of principally polarized abelian varieties of genus g
Xg universal family over Ag
ASatg Satake compactification of Ag
AVorg Voronoi compactification of Ag
XVorg universal family over A
Vor
g
Mg,n moduli stack of non-singular curves of genus g with n marked
points
Mg :=Mg,0
Sd symmetric group in d letters
For every g, we denote by ϕg : AVorg → A
Sat
g the natural map from the Voronoi
to the Satake compactification. Let πg : XVorg → A
Vor
g be the universal family,
qg : XVorg → X
Vor
g /± 1 the quotient map from the universal family to the universal
Kummer family and kg : XVorg /± 1→ A
Vor
g the universal Kummer morphism.
Throughout the paper, we work over the field C of complex numbers.
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2. Stratification and outline of the proof
2.1. A stratification. The object of this note is the rational cohomology of the
toroidal compactification AVor3 of the moduli space of abelian varieties of dimension
3. We shall make use of a natural stratification of AVor3 which was also used by Van
der Geer [vdG], whose notation we adopt.
Recall that there is a natural map ϕ3 : AVor3 → A
Sat
3 to the Satake compactifi-
cation. The moduli space ASat3 admits a stratification A
Sat
3 = A3 ⊔ A2 ⊔ A1 ⊔ A0.
This defines a filtration {βt}0≤t≤3 on AVor3 , by setting
βt := ϕ
−1
3

 ⊔
0≤j≤g−t
Aj

 .
In other words, βt ⊂ AVor3 is the locus of semi-abelian varieties with torus rank at
least t.
2.2. Cohomology of the strata. We shall now state the results about the co-
homology with compact support of the various strata. Proofs will be given in the
subsequent Sections 3 – 5.
The stratum β0 \ β1 of the filtration {βt} is A3. Its cohomology was computed
by Hain in [H].
Theorem 4. The rational cohomology groups with compact support of A3 are given
by
Hkc (A3;Q) =


Q(−6) k = 12,
Q(−5) k = 10,
Q(−4) k = 8,
F k = 6,
0 otherwise,
where F is a two-dimensional mixed Hodge structure which is an extension
0→ Q→ F → Q(−3)→ 0.
Proof. This is a rephrasing of [H, Thm 1], by using the isomorphism
Hkc (A3;Q) ∼= H
12−k(A3;Q)∗ ⊗Q(−6)
given by Poincare´ duality on the 6-dimensional space A3. 
The cohomology with compact support of the other strata is as follows.
Proposition 5. The cohomology with compact support of β1 \ β2 is given by
H10c (β1 \ β2;Q) = Q(−5)
H8c (β1 \ β2;Q) = Q(−4)
2
H6c (β1 \ β2;Q) = Q(−3)
2
H5c (β1 \ β2;Q) = Q
H4c (β1 \ β2;Q) = Q(−2)
Hkc (β1 \ β2;Q) = 0 for k /∈ {4, 5, 6, 8, 10}.
For torus rank 2 we obtain
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Proposition 6. The cohomology with compact support of the stratum β2 \ β3 is
given by
H8c (β2 \ β3;Q) = Q(−4)
H6c (β2 \ β3;Q) = Q(−3)
2
H4c (β2 \ β3;Q) = Q(−2)
H2c (β2 \ β3;Q) = Q(−1)
Hkc (β2 \ β3;Q) = 0 for k /∈ {2, 4, 6, 8}.
In the proof of the two propositions above, we make use of the following fact
(see [Ts]): the natural map β1 → ASat2 factors through A
Vor
2 , giving rise to the
commutative diagram
β1
k2 //
pi2
!!B
BB
BB
BB
B
AVor2
ASat2

ϕ2
where k2 : β1 ∼= (XVor2 /± 1)→ A
Vor
2 is the universal Kummer variety over A
Vor
2 .
Finally, we use the toroidal description of AVor3 to compute the cohomology of
the stratum with torus rank 3. The corresponding result is
Proposition 7. The cohomology groups Hkc (β3;Q) are trivial for degree k different
from 0, 2, 4, 6, and are given in the other cases by
H6c (β3;Q) = Q(−3) H
2
c (β3;Q) = Q(−1)
H4c (β3;Q) = Q(−2)
2 H0c (β3;Q) = Q.
Moreover, the generators of these cohomology groups with compact support can be
identified with the fundamental classes of the strata of AVor3 corresponding to the
cones σ
(3)
local, σ
(4)
I , σ
(4)
II , σ
(5) and σ(6) (to be defined in Section 5).
2.3. Spectral sequences in cohomology. Our proofs of results on the cohomol-
ogy of AVor3 and its strata are based on an intensive use of long exact sequences
and spectral sequences in cohomology with compact support. We shall recall the
definition of the sequences we use most often in the proofs.
Since the cohomology with rational coefficients of a Deligne–Mumford stack co-
incides with that of its coarse moduli space, in this section we will work with
quasi-projective varieties. A more stack-theoretical approach can be obtained by
recalling that AVorg is the finite quotient of the fine moduli scheme A
Vor
g (n) of
abelian varieties with level-n structure for n ≥ 3. Then the same constructions can
be obtained by working on AVorg (n) equivariantly.
Recall that if X is a quasi-projective variety and Y a closed subvariety of X ,
then the inclusion Y →֒ X induces a Gysin long exact sequence in cohomology with
compact support:
· · · → Hk−1c (Y ;Q)→ H
k
c (X \ Y ;Q)→ H
k
c (X ;Q)→ H
k
c (Y ;Q)→ · · ·
By functoriality of mixed Hodge structures ([PS, Prop. 5.54], this exact sequence
respects mixed Hodge structures.
Next, assume we have a filtration ∅ = Y0 ⊂ Y1 ⊂ Y2 ⊂ · · · ⊂ YN = X by closed
subvarieties of X . In this case, there is a spectral sequence Ep,qr ⇒ H
p+q
c (X ;Q) as-
sociated to the filtration {Yi}. The E1 term is given by E
p,q
1 = H
p+q
c (Yp \Yp−1;Q).
This spectral sequence can be constructed by taking a compactification X of X
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with border S := X \ X . Let us denote by Yi the closure of Yi in X , and con-
sider the filtration {Y ′i := Yi ∪ S}0≤i≤N of the pair (X,S). In particular, one has
H•(Y ′j , Y
′
j−1;Q) = H
•
c (Yj \ Yj−1;Q) for all j ≥ 1. One can describe the spectral
sequence associated to {Yi} as the spectral sequence associated to the bigraded ex-
act couple (D,E) with Dα,β = Hα+β(X,Y ′α−1;Q) and E
α,β = Hα+β(Y ′α, Y
′
α−1;Q),
which converges to Hα+βc (X,S;Q) = H
α+β(X ;Q). Arguing as in [Ar, Lemma 3.8],
this ensures the compatibility with mixed Hodge structures by functoriality. For
the definition of exact couples, see [PS, §A.3.2].
Note that the d1 differentials of the spectral sequence in cohomology with com-
pact support associated to {Yi} coincide with the differentials of the Gysin long
exact sequences associated to the closed inclusions Yi \ Yi−1 →֒ Yi+1 \ Yi−1.
Leray spectral sequences play an intensive role in our computation of the coho-
mology of the strata β1 and β2 \β1. Typically, we will be in the following situation:
let X and Y be quasi-projective varieties, and f : X → Y a fibration with fibres
which are homotopy equivalent under proper maps to a fixed quasi-projective vari-
ety B. Let us denote by H(p) the local system on X induced by the pth cohomology
group with compact support of the fibre of f .
In this situation, one can consider the Leray spectral sequence of cohomology
with compact support associated to f . This is the spectral sequence Ep,qr ⇒
Hp+qc (X ;Q) with E
p,q
2
∼= Hp(Y ;H(q)). Note that the Leray spectral sequence
associated to f respects Hodge mixed structures (e.g. see [PS, Cor. 6.7]).
2.4. Proof of the main theorem. The results on the cohomology with compact
support stated in Section 2.2 enable us to compute the cohomology ofAVor3 using the
spectral sequence Ep,q• ⇒ Hp+qc (A
Vor
3 ;Q), E
p,q
1 = H
p+q
c (β3−p \ β4−p;Q) associated
to the filtration β3 ⊂ β2 ⊂ β1 ⊂ β0 = AVor3 .
Lemma 8. The E1 term of the spectral sequence in cohomology with compact sup-
port associated to the filtration β3 ⊂ β2 ⊂ β1 ⊂ β0 = AVor3 is as given in Table 2.
The only non-trivial differential of this spectral sequence is d2,31 : E
2,3
1 → E
3,3
1 , which
is injective. In particular, the spectral sequence degenerates at E2.
Proof. The description of the E2 term of the spectral sequence follows from the
description of the compactly supported cohomology of the strata given in Section 2.2
and from the definition of the spectral sequence in Section 2.3.
An inspection of the spectral sequence in Table 2 yields that Ep,q1 (and hence
Ep,qr ) is always trivial if p+q is odd, with the exception of E
2,3
1 (hence possibly also
E2,3r for r ≥ 2). Therefore, all differentials not involving E
2,3
r terms are necessarily
trivial, since they are maps either from or to 0.
This leaves us with only three possibly non-trivial differentials to investigate.
The first two are the differentials d2−r,2+rr : E
2−r,2+r
r → E
2,3
r for r = 1, 2. Note
that in both cases, the Hodge structure on E2,3r is pure of weight 0, whereas the
Hodge structure on E2−r,2+rr is pure of weight 4. Since the weights are different,
the differential d2−r,2+rr can only be the 0 morphism.
Next, we investigate the differential d2,31 : E
2,3
1 → E
3,3
1 , which can have rank
either 0 or 1. Assume for the moment that d2,31 is the 0 morphism. Then the spectral
sequence degenerates at E1, so that H
5(AVor3 ;Q) ∼= H
5
c (A
Vor
3 ;Q) = E
2,3
1 = Q holds.
This means that the cohomology of AVor3 in degree 5 is pure of Hodge weight 0.
But AVor3 is a smooth proper stack, being the quotient by a finite group of the stack
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Table 2. E1 term of the spectral sequence converging to
H•c (A
Vor
3 ;Q) = H
•(AVor3 ;Q)
q
9 0 0 0 Q(−6)
8 0 0 Q(−5) 0
7 0 Q(−4) 0 Q(−5)
6 Q(−3) 0 Q(−4)2 0
5 0 Q(−3)2 0 Q(−4)
4 Q(−2)2 0 Q(−3)2 0
3 0 Q(−2) Q F
2 Q(−1) 0 Q(−2) 0
1 0 Q(−1) 0 0
0 Q 0 0 0
0 1 2 3 p
( torusrank ) (3) (2) (1) (0)
AVor3 (n) of principally polarized abelian varieties with a level-n structure, which is
represented by a smooth projective scheme for n ≥ 3. In particular, the Hodge
structure on Hk(AVor3 ;Q) is pure of weight k. Hence, the rank of d
2,3
1 must be 1.
Therefore, this differential is injective with cokernel isomorphic to Q(−3). This
ensures E2,32 = 0 and E
3,3
2 = Q(−3). 
Note that Lemma 8 directly implies that the cohomology of AVor3 is all algebraic,
with Betti numbers as stated in Theorem 1.
In the remainder of this paper we will discuss the various strata defined by the
torus rank and compute their cohomology.
3. Torus rank 1
To compute the cohomology with compact support of β1\β2 we will use the map
k2 : β1 \ β2 → A2 realizing β1 \ β2 as the universal Kummer variety over A2. The
fibre of β1 \β2 over a point parametrizing an abelian surface S is K := S/± 1. The
cohomology of K is one-dimensional in degree 0 and 4. The only other non-trivial
cohomology group is H2(K;Q) ∼=
∧2
H1(S;Q).
To compute H•c (β1 \ β2;Q), we consider the Leray spectral sequence associated
to k2. Note that the 0th and the fourth cohomology group of the fibre induce
trivial local systems on A2. Moreover, the second cohomology group of the fibre
induces the rank 6 local system V(1,1) ⊕ Q(−1) on A2. Here we denote by V(1,1)
the symplectic local system on A2 determined by the irreducible representation of
Sp(4,Q) associated to the partition (1, 1).
We start by determining the cohomology with compact support of A2 with values
in the local system V(1,1).
Lemma 9. The rational cohomology groups with compact support of the moduli
spaces M2 and A2 with coefficients in V(1,1) vanish in degree k 6= 3. In degree 3,
one has
H3c (A2;V(1,1)) = H
3
c (M2;V(1,1)) = Q.
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Proof. We prove the claim about the cohomology of M2 first.
Following the approach of [G2], we use the forgetful map p2 : M2,2 → M2
to obtain information. Note that the fibre of p2 is the configuration space of 2
distinct points on a genus 2 curve. The cohomology of M2,2, with the action of
the symmetric group, was computed in [T, Cor. III.2.2]. This result allows us to
conclude H3c (M2;V(1,1)) = Q, H
k
c (M2;V(1,1)) = 0 for k 6= 3. (Note that this is
in agreement with the Hodge Euler characteristic of M2 in the local system V(1,1)
computed in [G2, §8.2].)
Next, we determine H•c (A2;V(1,1)). To this end, we write A2 as the disjoint
union of the locus A1,1 of decomposable abelian surfaces, and the image of the
Torelli map t : M2 → A2.
Since the Torelli map is injective on the associated coarse moduli spaces, it
induces an isomorphism between the cohomology ofM2 and that of t(M2) in every
system of coefficients that is locally isomorphic to a Q-vector bundle. Therefore, the
Gysin long exact sequence with V(1,1)-coefficients associated to A1,1 →֒ A2 yields
Hk−1c (A1,1;V(1,1))→ H
k
c (M2;V(1,1))→ H
k
c (A2;V(1,1))→ H
k
c (A1,1;V(1,1)).
In Lemma 11 below, we will show that H•c (A1,1;V(1,1)) is trivial. In view of
the Gysin exact sequence above, this implies that Hkc (A2;V(1,1)) is isomorphic
to Hkc (M2;V(1,1)). This implies the claim. 
Remark 10. Getzler’s result would have been sufficient for the purposes of this
note. This follows again from the fact that AVor3 is a finite quotient of A
Vor
3 (n), so
in particular its Hodge Euler characteristic determines the cohomology of the space
as graded vector space with Q-Hodge structures.
Lemma 11. The cohomology with compact support of A1,1 in the local system of
coefficients given by the restriction of V(1,1) is trivial.
Proof. We consider the restriction of k2 to A1,1. Let S = E1 × E2 be an element
of A1,1, and let K := k
−1
2 (S). Recall that V(1,1) ⊕ Q(−1) is the local system
H(2) on A1,1 induced by H2(K;Q). Therefore, the cohomology of A1,1 with values
in V(1,1) ⊕ Q(−1) coincides with the cohomology of A1,1 with values in the local
system induced by the part of
∧2
H1(S;Q) which is invariant under the symmetries
of E1×E2 and under the interchange of the two factors E1, E2 (which can be done
topologically albeit not algebraically). Using the Ku¨nneth formula one sees that the
latter local system is one-dimensional and induces the local system Q(−1). From
this one obtains H•c (A1,1;V(1,1)) = 0. 
This allows us to show the following result, which directly implies that the co-
homology with compact support of β1 \ β2 is as stated in Proposition 5.
Proof of Proposition 5. We compute the cohomology with compact support of β1 \
β2 by using the Leray spectral sequence associated to the Kummer fibration k2 : β1\
β2 → A2.
By the description of the fibre of k2 given at the beginning of this section, the
local systems H(0) and H(4) are the constant one, whereas H(2) is the direct sum
of the constant local system Q and V(1,1).
The cohomology with compact support of A2 is well known: it is one-dimension-
al in degree 4 and 6, and trivial elsewhere. This can be easily deduced from the
results in [M2] on the Chow ring ofM2. The cohomology of A2 in the local system
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Table 3. E2 term of the Leray spectral sequence converging to
the cohomology with compact support of β1 \ β2
q
4 0 Q(−4) 0 Q(−5)
3 0 0 0 0
2 Q Q(−3) 0 Q(−4)
1 0 0 0 0
0 0 Q(−2) 0 Q(−3)
3 4 5 6 p
V(1,1) was computed in Lemma 9. From this, one obtains that the E2 term of the
Leray spectral sequence in cohomology with compact support associated to k2 is as
in Table 3.
From an inspection of the spectral sequence, one finds that all Ep,q2 have pure
Hodge structures, which have the same Hodge weight if and only if the sums p +
q coincide. Therefore, all differentials dr (r ≥ 2) of the spectral sequence are
morphisms between Hodge structures of different weight. Hence all differentials are
trivial for this reason. This means that the spectral sequence degenerates at E2,
thus implying Proposition 5. 
4. Torus rank 2
Recall that k2 : β1 → AVor2 is the universal family of Kummer varieties overA
Vor
2 .
Under this map, the elements of AVor3 with torus rank 2 are mapped to elements
of AVor2 of torus rank 1. If we denote by β
′
t the stratum of A
Vor
2 of semi-abelian
varieties of torus rank ≥ t, we get a commutative diagram
AVor3OO
 ?
AVor2OO
 ?
AVor1OO
 ?
β2 \ β3
k2 // β′1 \ β
′
2
k1 // A1
π−12 (β
′
1 \ β
′
2)
q2
OO
pi2
99tttttttttt
X1
q1
OO
pi1
=={{{{{{{{{
The map π2 is the restriction of the universal family over AVor2 . In particular,
the fibres of π2 over points of β
′
1 \ β
′
2 are rank 1 degenerations of abelian surfaces,
i.e. compactified C∗-bundles over elliptic curves. A geometric description of these
C∗-bundles is given in [M1].
We want to describe this situation in more detail. For this consider the universal
Poincare´ bundle P → X1 ×A1 Xˆ1 and let U = P(P ⊕OX1×A1X1) be the associated
P1-bundle. Using the principal polarization we can naturally identify Xˆ1 and X1,
which we will do from now on. We denote by ∆ the union of the 0-section and the
∞-section of this bundle. Set U = U \∆, which is simply the C∗-bundle given by
the universal Poincare´ bundle P with the 0-section removed and denote the bundle
map by f : U → X1×A1 X1. Then there is a map ρ : U → β2 \ β3 with finite fibres.
Note that the two components of ∆ are identified under the map ρ. The restriction
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of ρ to both U and to ∆ is given by a finite group action, although the group is not
the same in the two cases (see the discussion below).
We now consider the situation over a fixed point [E] ∈ A1. For a fixed degree 0
line bundle L0 on E the preimage f−1(E×{L0}) is a semi-abelian surface, namely
the C∗-bundle given by the extension corresponding to L0 ∈ Eˆ. This semi-abelian
surface admits a Kummer involution ι which acts as x 7→ −x on the base E and by
t 7→ 1/t on the fibre over the origin. The Kummer involution ι is defined universally
on U .
Consider the two involutions i1, i2 on X1×A1X1 defined by i1(E, p, q) = (E,−p,−q)
and i2(E, p, q) = (E, q, p) for every elliptic curve E and every p, q ∈ E. These two
involutions lift to involutions j1 and j2 on U that act trivially on the fibre of
f : U → X1 ×A1 X1 over the origin.
Lemma 12. The diagram
(4.1) U //
ρ|U

X1 ×A1 X1
ρ′

(β2 \ β3) \ ρ(∆) // Sym
2
A1(X1/± 1),
where ρ′ : X1 ×A1 X1 → Sym
2
A1(X1/± 1) is the natural map, is commutative.
Moreover ρ|U : U → ρ(U) ⊂ β2 \ β3 is the quotient of U by the subgroup of the
automorphism group of U generated by ι, j1 and j2.
Proof. Since the map ρ′ in the diagram (4.1) has degree 8 and ι, j1, j2 generate a
subgroup of order 8 of the automorphism group of U , it suffices to show that the
map ρ|U factors through each of the involutions ι and j1, j2.
Recall that the elements of β2 \β3 correspond to rank 2 degenerations of abelian
threefolds. More precisely, every point of ρ(U) corresponds to a degenerate abelian
threefold X whose normalization is a P1 × P1-bundle, namely the compactification
of a product of two C∗-bundles on the elliptic curve E given by k1 ◦ k2([X ]). The
degenerate abelian threefold itself is given by identifying the 0-sections and the
∞-sections of the P1 × P1-bundle. This identification is determined by a complex
parameter, namely the point on a fibre of U → X1 ×A1 X1.
Since a degree 0 line bundle L0 and its inverse define isomorphic semi-abelian
surfaces and since the role of the two line bundles is symmetric, the map ρ|U factors
through ι andj2. Since j1 is the commutator of ι and j2 the map ρ|U also factors
through j1. 
A consequence of the lemma above is that the cohomology with compact support
of ρ(U) can be computed by taking the invariant part of the cohomology of the
total space of the C∗-bundle f : U → X1 ×A1 X1. Hence, the invariant part of the
Leray spectral sequence associated to f gives a Leray spectral sequence converging
to H•c (ρ(U);Q). Thus, we have to consider the part of E
p,q
2 (f) = H
q
c (C
∗;Q) ⊗
Hpc (X1 ×A1 X1;Q) that is invariant under the action of ι, j1 and j2.
Since j1 and j2 both fix the fibre of f over the origin, they act trivially on
the cohomology of C∗. Instead, the Kummer involution ι acts as the identity on
H2c (C
∗;Q) and as the alternating representation on H1c (C
∗;Q).
The action of ι, j1 and j2 can be determined by considering the induced actions on
X1×A1X1. Here one uses that all three involutions respect the map X1×A1X1 → A1,
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Table 4. E2 term of the spectral sequence converging to the
cohomology with compact support of ρ(U)
q
2 Q(−2) 0 Q(−3) 0 Q(−4)
1 0 0 Q(−2) 0 0
2 3 4 5 6 p
whose fibre over [E] ∈ A1 is isomorphic to E × E. Note in particular that the
involution (E, p, q)↔ (E,−p, q) induced by ι acts as the alternating representation
on the linear subspace
∧2
H1c (E;Q) ⊂ H
2
c (E × E;Q), on which i1 and i2 both act
trivially.
This discussion yields that the invariant part of the spectral sequence E2 term
is as shown in Table 4.
Lemma 13. The cohomology groups with compact support of ρ(U) are 1-dimen-
sional in degree 6 and 8 and trivial otherwise.
Proof. It suffices to show that the differential d2,22 : E
2,2
2 → E
4,1
2 in Table 4 is an
isomorphism.
To describe the differential d2,22 geometrically, it is useful to consider the restric-
tion of the Torelli map t : M3 → A
Vor
3 to the preimage of ρ(U). Moreover, one
can use the stratification of M3 by topological type to describe β2 and ρ(U). In
particular, this allows one to find a geometric generator for H4c (ρ(U);Q).
Consider stable curves C1∪C2∪C3, where the component C1 is smooth of genus
1, the component C2 is a smooth rational curve and the component C3 is a rational
curve with exactly one node, satisfying #(C1 ∩ C2) = 1, #(C1 ∩ C3) = 0 and
#(C2 ∩ C3) = 2.
Denote by G the closure in t−1(ρ(U)) of the locus of such curves, and denote by
t∗[G] the push-forward to ρ(U) of the cycle class of G. Then the fundamental class
of t∗[G] generates H4c (ρ(U);Q).
Recall that the locus in M3 of irreducible curves with two nodes maps surjec-
tively to β2 under the Torelli map. Moreover, all curves inM3 that have two nodes
and map to β2 can be constructed by taking a stable curve of genus 1 with 4 marked
points and identifying the marked points pairwise. There is a well known relation
between cycle classes of dimension 2 in M1,4, called Getzler’s relation (see [G1]).
This relation is S4-invariant and it induces a relation between dimension 2 cycles
in t−1(β2), which if pushed forward under t induces a relation in H4c (β2;Q). The
latter relation involves non-trivially the push-forward of the fundamental class of
G ⊂ t−1(β2). In particular, restricting to ρ(U) ⊂ β2 yields that t∗[G] vanishes in
H4c (ρ(U);Q). Hence, the differential d
2,2
2 must be an isomorphism. 
Remark 14. There is also another way to see that the differential d2,22 : E
2,2
2 → E
4,1
2
in Table 4 is an isomorphism. Namely, one can compactify the C∗-bundle U to the
P1-bundle U = P(P ⊕ OX1×A1X1) and compute the invariant part of the exact
sequence in rational cohomology of the pair (U,∆). This then shows that the
invariant part of H4c (U ;Q) vanishes as claimed. We decided to include the above
proof involving Getzler’s relation since the relation toM3 is of independent interest.
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Proof of Proposition 6. We compute the cohomology with compact support of β2 \
β3 by exploiting the Gysin long exact sequence associated to the inclusion ρ(∆) →֒
(β2 \ β3):
(4.2)
· · · → Hk−1c (ρ(∆);Q)→ H
k
c (ρ(U);Q)→ H
k
c (β2 \ β3;Q)→ H
k
c (ρ(∆);Q)→ · · ·
The map ρ identifies the two components of ∆, each of which is isomorphic
to X1 ×A1 X1. Moreover, it factors through the finite group G generated by the
following three involutions: the involution which interchanges the two factors of
X1×A1 X1, the involution which acts by (x, y) 7→ (−x,−y) on each fibre E×E and
finally the involution which acts by (x, y) 7→ (x+ y,−y). This can be read off from
the construction of the toroidal compactification (see [HS, Section I] for an outline
of this construction. Also note that the stratum ∆ corresponds to the stratum in
the partial compactification in the direction of the 1-dimensional cusp associated
to a maximal-dimensional cone in the second Voronoi decomposition for g = 2. A
detailed description can be found in [HKW, Part I, Chapter 3]).
Hence
H•c (ρ(∆);Q) ∼= H
•
c (E × E/G;Q)⊗H
•
c (A
1
C;Q).
A straightforward calculation shows that the G-invariant cohomology of E × E
has rank 1 in even dimension and vanishes otherwise. In particular this quotient
behaves cohomologically like P2.
Since Hkc (ρ(U);Q) and H
k
c (ρ(∆);Q) both vanish if k is odd, the exact sequence
(4.2) splits into short exact sequences
0→ Hkc (ρ(U);Q)→ H
k
c (β2 \ β3;Q)→ H
k
c (ρ(∆);Q)→ 0.
This implies the claim. 
Remark 15. We would like to take this opportunity to correct a slight error in [vdG,
3.8] where it was claimed that the map ρ factors through Sym2A1(X1/ ± 1) rather
than through the quotient by G. This, however, does not effect the results of [vdG].
5. Torus rank 3
The stratum β3 ⊂ AVor3 lying over A0 ⊂ A
Sat
3 is entirely determined by the fan
of the toroidal compactification. For this we first have to describe the Voronoi fan
Σ in genus 3.
Consider the free abelian group L3 ∼= Z
3 with generators x1, x2, x3 and let M3 =
Sym2(L3). Then M3 is isomorphic to the space of 3× 3 integer symmetric matrices
with respect to the basis xi via the map which assigns to a matrix A the quadratic
form txAx. We shall use the basis of M3 given by the forms U
∗
i,j , 1 ≤ i ≤ j ≤ 3
given by
U∗i,j = 2
δi,jxixj .
Let Sym≥02 (L3⊗R) be the cone of positive semidefinite forms in M3⊗Q. The group
GL(3,Z) acts on Sym≥02 (L3 ⊗ R) by
GL(3,Z) ∋ g : M 7−→ tg−1Mg−1.
Let
σ(6) := R≥0α1 + R≥0α2 + R≥0α3 + R≥0γ1 + R≥0γ2 + R≥0γ3,
where αi = x
2
i for all i = 1, 2, 3 and γi = (xj−xk)
2 for {i, j, k} = {1, 2, 3}. Since the
forms αj , γi form a basis ofM3, this is a basic 6-dimensional cone in Sym
≥0
2 (L3⊗R).
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The Voronoi fan in genus 3 is the fan Σ in Sym≥02 (L3 ⊗R) given by σ
(6) and all
its faces, together with their GL(3,Z)-translates. We use the notation
σ(6) = α1 ∗ α2 ∗ α3 ∗ γ1 ∗ γ2 ∗ γ3,
and similarly for the faces of σ(6).
To describe AVor3 , we have to know all possible GL(3,Z)-orbits of σ
(6) and its
faces. An i-dimensional cone corresponds to a (6− i)-dimensional stratum in AVor3 .
Since strata of dimension at least 4 necessarily lie over Al with l ≥ 1, we only need
to know the orbits of cones of dimension ≤ 3.
The following lemma can be proved using the methods of [Ts] (see [E, Chap-
ter 3]).
Lemma 16. There are two GL(3,Z)-orbits of 3-dimensional cones, represented by
the cones
σ
(3)
local = α1 ∗ α2 ∗ α3, σ
(3)
global = α1 ∗ α2 ∗ γ3.
The stratum associated to σ
(3)
local lies over A0, that associated to σ
(3)
global lies over A1.
There are two GL(3,Z)-orbits of 4-dimensional cones, given by
σ
(4)
I = α1 ∗ α2 ∗ α3 ∗ γ1, σ
(4)
II = α1 ∗ α2 ∗ γ1 ∗ γ2.
In dimension 5 and 6 there is only one GL(3,Z)-orbit. The strata of all cones of
dimension at least 4 lie over A0.
Let
H3 = {τ = (τi,j)1≤i,j≤3 : τ = tτ, Im τ > 0}
be the Siegel upper half plane of genus 3. We consider the rank 6 torus T = T 6
with coordinates
ti,j = e
2pi
√−1τi,j (1 ≤ i, j ≤ 3).
These coordinates correspond to the dual basis of the basis U∗i,j . If σ
(l) is an
l-dimensional cone in Σ then, since the fan Σ is basic, it follows that the associated
affine variety Tσ(l) ∼= C
l × (C∗)6−l. The corresponding stratum in AVor3 is then a
quotient of {(0, 0, 0)}× (C∗)6−l by a finite group. We consider the torus embedding
T →֒ Tσ(6) ∼= C
6, where the latter isomorphism holds since σ(6) is a basic cone of
dimension 6. Let T1, . . . , T6 be the coordinates of C
6 corresponding to the basis
α1, . . . , γ3. If one computes the dual basis of α1, . . . , γ3 in terms of the dual basis
of U∗i,j , one obtains that the torus embedding T →֒ C
6 is given by
T1 = t1,1t1,3t1,2, T2 = t2,2t2,3t1,2, T3 = t3,3t1,3t2,3,
T4 = t
−1
2,3, T5 = t
−1
1,3, T6 = t
−1
1,2.
Let us start by considering the stratum associated to
σ
(3)
local = α1 ∗ α2 ∗ α3.
Let S1, S2 and S3 be coordinates corresponding to α1, α2 and α3, and let t2,3, t1,3,
t1,2 be as above. Then
T
σ
(3)
local
∼= C3 × (C∗)3 ⊂ C6 = Tσ(6)
with coordinates S1, S2, S3, t
−1
2,3, t
−1
1,3, t
−1
1,2, where the inclusion is defined by consid-
ering σ
(3)
local as a face of σ
(6).
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The stratum which we add is {(0, 0, 0)}×(C∗)3 modulo a finite groupG = G
σ
(3)
local
,
namely the stabilizer of the cone σ
(3)
local in GL(3,Z). In order to understand the
action of the group G explicitly, we recall that it is naturally a subgroup of the
parabolic subgroup which belongs to the standard 0-dimensional cusp
P =



 g 0
0 tg−1

 : g ∈ GL(3,Z)

 ∼= GL(3,Z) ⊂ Sp(6,Z).
Lemma 17. The stratum associated to σ
(3)
local is an affine variety Y
(3)
local = (C
∗)3/G
whose only non-trivial cohomology with compact support is in degree 6.
Proof. Since the stratum associated to σ
(3)
local is the quotient of the smooth variety
(C∗)3 by a finite group, its cohomology and cohomology with compact support are
related by Poincare´ duality. Hence, it suffices to show that the rational cohomology
of the stratum is concentrated in degree 0.
Denote by T 3 the rank 3 torus with coordinates (v1, v2, v3) = (t
−1
2,3, t
−1
1,3, t
−1
1,2).
The stratum which we add for σ
(3)
local is then isomorphic to T
3/G. Since σ
(3)
local =
α1 ∗ α2 ∗ α3 with αi = x2i , we see that the group G is the group generated by the
permutations of the xi and the involutions (x1, x2, x3) 7→ (ǫ1x1, ǫ2x2, ǫ3x3) with
ǫi = ±1. Note that the element −id acts trivially both on H3 and on M3. Hence
the group G is an extension
1→ (Z/2Z)2 → G→ S3 → 1,
where S3 denotes the symmetric group in 3 letters. Next, we have to analyze
how this group acts on H3 and on the torus T
3. The permutation of xi and xj
interchanges τi,k and τj,k but fixes τi,j . HenceS3 also acts as group of permutations
on the coordinates of T 3. The action of the involutions generating (Z/2Z)2 can be
seen for example from
−1 0 00 1 0
0 0 1



τ1,1 τ1,2 τ1,3τ1,2 τ2,2 τ2,3
τ1,3 τ2,3 τ3,3



−1 0 00 1 0
0 0 1

 =

 τ1,1 −τ1,2 −τ1,3−τ1,2 τ2,2 τ2,3
−τ1,3 τ2,3 τ3,3

 .
Hence, the involution (x1, x2, x3) ↔ (x1, x2,−x3) induces the involution given
by (v1, v2, v3)↔ (v
−1
1 , v
−1
2 , v3) and similarly for the other involutions. This allows
us to describe the quotient T 3/G explicitly, as given by the image of the map
T 3 ∼= (C∗)3 −→ C4
(v1, v2, v3) 7−→ (u1 + u2 + u3, u1u2 + u1u3 + u2u3, u1u2u3, u4) = (s1, s2, s3, t),
where
u1 = v1+
1
v1
, u2 = v2+
1
v2
, u3 = v3+
1
v3
, u4 =
(
v1 −
1
v1
)(
v2 −
1
v2
)(
v3 −
1
v3
)
.
Then the image is the hypersurface W ⊂ C4 given by
t2
4
− (
s3
2
+ 2s1)
2 + (s2 + 4)
2 = 0.
Note that W is a cone with vertex the line t = s32 + 2s1 = s2 + 4 = 0 in C
4 over
a plane projective conic. Then the claim follows from the contractibility of W .
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Alternatively, one can also show that the cohomology H•(T 3/G;Q) is concen-
trated in degree 0, by proving that the only cohomology in H•(T 3;Q) which is fixed
under the group G is in degree 0. 
The situation with the lower-dimensional strata is similar:
Lemma 18. Let σ(l) be an l-dimensional subcone of α1 ∗α2 ∗α3 ∗ γ1 ∗ γ2 ∗ γ3, with
l ≥ 4. Then the stratum of γ3 associated to σ(l) has non-trivial cohomology with
compact support only in the maximal degree 2(6− l).
Proof. Recall that all GL(3,Z)-orbits of σ(l) were described in Lemma 16. Hence it
suffices to consider the cases in which σ(l) is one of the following cones: σ
(4)
I , σ
(4)
II ,
σ(5) := α1 ∗ α2 ∗ α3 ∗ γ1 ∗ γ2 and σ(6).
As mentioned above, if σ(l) is an l-dimensional cone in Σ then we have Tσ(l) =
Cl × (C∗)6−l, because the fan Σ is basic. The corresponding stratum in AVor3 is
then a quotient of {(0, 0, 0)} × (C∗)6−l ∼= (C∗)6−l by a finite group Gσ(l) . To
prove the claim, it suffices to show that the part of the cohomology of (C∗)6−l
which is invariant for the action of G coincides with H0((C∗)6−l;Q). Since (C∗)6−l
is smooth, the result about cohomology with compact support will follow from
Poincare´ duality.
For instance, consider the case of σ
(4)
II . Using toric coordinates, one finds that
the corresponding stratum is given by a quotient of (C∗)2 by the action of the finite
group Z/2Z×S3. The factor S3 acts on γ1 ∗ α2 ∗ α3 by permuting γ1, α2 and α3,
whereas the action of the factor Z/2Z is generated by the involution x1 ↔ −x1. One
can compute explicitly the action of Z/2Z×S3 and prove (H•((C∗)2;Q))Z/2Z×S3 =
H0((C∗)2;Q).
Analogous considerations yield the claim in the case of the other strata. 
Concluding, the proof of Proposition 7 now follows from Lemmas 17 and 18.
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